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1. INTRODUCTION
In recent years an increasing amount of our knowledge about finite
groups, and especially the sporadic simple groups, has been obtained by
computer calculations. This has many advantages over more traditional
methods, especially speed and accuracy, and problems can be solved that
are out of reach of theoretical methods. But there are also some disadvan-
tages, the most frequently mentioned being problems of checking or
reproducing results. The accusation of unreliability need not detain us, as
.the average published proof ``by hand'' is equally, if not more, unreliable.
Much progress has, however, been made in remedying these deficiencies.
A properly carried out computational proof can be much more rigorously
and thoroughly checked than any proof ``by hand,'' and if it is properly
documented then there should be no problem with repeating the calcula-
tions and reproducing the results. It has to be admitted, however, that
many computational results fall far short of these ideal standards.
The aim of the present paper is to make a small contribution toward
improving the reproducibility of computational results on the sporadic
simple groups. True reproducibility requires that both data and programs
be produced independently. As regards programs, there are several inde-
 .pendent systems capable of performing basic or not so basic calculations
with permutations or matrices. As regards data, the situation is much less
satisfactory. Where two independent sets of generators for a given group
exist on computers, the two sets usually bear no relation to each other, and
it is often all but impossible to obtain one from the other. While it is not to
be expected that everyone will agree on what are the ``best'' generators for
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a given group, we should perhaps expect authors to present a method for
obtaining the generators they use from any others. In this paper we shall
discuss some choices for ``good'' generators for the sporadic simple groups
and explain in general terms how to obtain such generators ``standard
.generators'' from any other generators that may be available. In terms of
abstract groups, we have an implicit isomorphism
 :  :g , . . . , g ( h , . . . , h ,1 r 1 s
and we want to find an explicit isomorphism in the form
f : g ¬ w h , . . . , h , .i i 1 s
where the w are words in h , . . . , h .i 1 s
2. CRITERIA FOR ``GOOD'' GENERATORS
 :Fix the notation, G s g , . . . , g , and for simplicity assume that G is a1 r
 4simple group. The generating set g , . . . , g will be called good if given1 r
 :any h , . . . , h with h , . . . , h ( G, it is easy to find an explicit isomor-1 s 1 s
 .phism f : g ¬ w h , . . . , h , and it is easy to prove that f is an isomor-i i 1 s
phism. Of course, these are vague criteria and will depend both on the
representation of G and on the hardware and software available.
 .For simplicity, we fix r s 2, on the not necessarily valid! assumption
that two elements are easier to find than three or more. How easy is it to
find words giving g and g ? If we just take random elements of the group,1 2
< < 2 < <then there are G ordered pairs of elements, and there are G pairs
 .conjugate to g , g , so the probability of finding the right generators on1 2
< <each attempt is 1r G . If, however, we restrict the choice of g and g , for1 2
example, by specifying their orders, then we can greatly increase this
probability. Better still, if we specify the conjugacy classes C and C to1 2
which g and g belong, then we can make ``random'' elements in these1 2
classes simply by conjugation, and the probability of obtaining a conjugate
 .of g , g is1 2
< < < <no. of conjugates of g , g C g ? C g .  .  .1 2 G 1 G 2
Pr C , C s s . .G 1 2 < < < < < <C ? C G1 2
 .EXAMPLE 1 The Thompson group . The Thompson group Th has
order roughly 1017, and it turns out that it can be generated by elements
 .g g 2 A and g g 3 A. In this case the probability of finding g , g on1 2 1 2
 . each attempt is Pr 2 A, 3 A f 1.6%. In this and later examples, we useTh
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 w x. .the ATLAS notation see 1 for conjugacy classes. How easy is it in this
case to determine whether f is an isomorphism? In other words, given
gX g 2 A and gX g 3 A, can we determine whether the map f : g ª gX1 2 i i
extends to an automorphism of Th? It turns out that if g g g 19A, then1 2
f is an isomorphism if and only if gX gX g 19A. Clearly this is a necessary1 2
condition: the sufficiency follows from the theory of structure constants,
which we now summarise.
For a triple of conjugacy classes C , C , C in G, define the symmetrised1 2 3
 .structure constant j C , C , C byG 1 2 3
< <G
j C , C , C s .G 1 2 3 < < < < < <C g ? C g ? C g .  .  .1 2 3
x g ? x g ? x g .  .  .1 2 3
= ,
x 1 . .xgIrr G
where g g C . Then it is well known thati i
1
j C , C , C s , . G 1 2 3 < <C g , g , g .1 2 3
 .where the sum is taken over all conjugacy classes of triples g , g , g with1 2 3
 .g g C and g g g s 1. In particular, if j C , C , C s 1 and therei i 1 2 3 G 1 2 3
 .exists such a triple g , g , g with trivial centralizer, then all such triples1 2 3
are conjugate.
 .  .In the Thompson group, we have j 2 A, 3 A, 19A s 1, and C 3 ATh Th
 .and C 19A have coprime orders, so all triples g g 2 A, g g 3 A,Th 1 2
 .y1g g g 19A have trivial centralizer and are conjugate. The additional1 2
requirement that g and g generate Th has to be checked separately,1 2
either by explicit computation or by somehow eliminating the possibility
that they generate a proper subgroup.
3. RATIONALLY RIGID GENERATORS
If G is a simple group with generators g , g , g such that g g g s 11 2 3 1 2 3
 .and g g C , where j C , C , C s 1, then G is called rigid. If also thei i G 1 2 3
three classes consist of rational elements, then G is called rationally rigid.
We have seen in the previous section that Th is rationally rigid with
 .respect to the triple of classes 2 A, 3 A, 19A . The sporadic simple groups
which have trivial outer automorphism groups, and are rationally rigid, are
w xlisted in Table I, with a suitable triple of classes found by Pahlings 3 .
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TABLE I
Rationally Rigid Triples in Sporadic Simple Groups
 .G C C C Pr C , C1 2 3 G 1 2
Ru 2 B 4 A 13 A 1 : 163
Co 2 A 5B 24 A 1 : 5693
Co 2 A 5 A 28 A 1 : 192
Th 2 A 3 A 19A 1 : 77
Fi 2 A 12 D 17A 1 : 1223
Co 3 A 4F 35 A 1 : 2011
B 2 D 3 A 55 A 1 : 918
M 2 A 3B 29A 1 : 68
The advantage of choosing a rigid triple of generators is that it is very
easy to check the isomorphism of these with any other set of generators,
provided we have an easy way of distinguishing conjugacy classes. Disad-
vantages are that, depending on the representations and software avail-
able, it may be difficult to distinguish classes of elements of the same
order; groups often do not have such generators; and even if they do, the
probability of finding them may be unreasonably small. In practice, it
seems to be much easier to deal with a rationally rigid triple, rather than
an arbitrary rigid triple, and in this section we will only consider the
former case.
 .EXAMPLE 2 The Rudvalis group . We first need to find some elements
in 2 B and 4 A. This is easy, since if x is any element of order 26 or 14 then
x13 or x7 is in 2 B, while if y is any element of order 24, then y6 g 4 A. We
also need to recognise elements in class 13 A, but this is also easy since this
is the only class of elements of order 13.
 .EXAMPLE 3 Conway's group Co . In most of the cases listed in Table3
I again the class C is the only class of elements of the given order, so the3
recognition problem is easily solved. In the case Co , however, there are3
two classes of elements of order 24, which may be difficult to distinguish. It
is therefore advisable to look for some other rigid triple of classes.
w x  .Using GAP Version 3.1 5 , we found that j 3 A, 4 A, 14 A s 1, andC o3w xusing the ``Meat-axe'' 4 we found that such a triple of elements does in
fact generate Co . This triple now has the required properties: a 3 A-3
element is easily found as a power of any element of order 9, 18, 24, or 30,
and a 4 A-element as the fifth power of any element of order 20. Moreover,
there is only one class of elements of order 14. Thus this triple looks good
enough to take as standard generators for Co .3
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 .EXAMPLE 4 Conway's group Co . There should be no real problems2
 .here if we take the classes 2 A, 5 A, 28 A given in Table I. A 2 A-element
can be obtained by taking the appropriate power of any element of order
16, 18, or 28. If there is any difficulty in finding a 5 A-element, or
distinguishing the classes 5 A and 5B, the following procedure can be
adopted. First find a subgroup McL, in which any element of order 10, 15,
or 30 powers up to an element of Co -class 5 A. Finally there is only one2
class of elements of order 28.
 .EXAMPLE 5 Fischer's group Fi . In most of the cases listed in Table23
I, it is not hard to find some elements in C and C to begin the search for1 2
standard generators. However, in Fi it may not be easy to obtain a23
12 D-element. Using GAP again to search for rigid triples, we found that
 .j 2 B, 3D, 28 A s 1, and using the ``Meat-axe'' we found such a tripleF i23
which generates the whole group. The class 28 A is determined as the
unique class of elements of order 28. The classes 2 B and 3D should be
easier to find than the class 12 D. For example, a 2 B-element may be
obtained as the 14th power of any element of order 28. There may
be slight problems finding a 3D-element, however, since something more
than orders of elements is required to distinguish this class from other
classes of elements of order 3.
 .  .EXAMPLE 6 The Monster . The triple 2 A, 3B, 29A appears to satisfy
all our criteria. However, we are not aware of the existence of any
representation in which such generators could be explicitly computed!
 .4. 2, 3, n -GENERATORS
If we cannot find a reasonable rationally rigid triple of generators, then
we have to be content with a somewhat harder recognition problem.
For various reasons, it is often desirable to choose g of order 2 and g1 2
of order 3 if possible. We may also prefer that the order, n say, of g g is1 2
 .fairly small we necessarily have n G 7 . All the sporadic simple groups can
be generated in this way except for M , M , M , and McL. This is11 22 23
w xproved by Woldar in 8 .
 .EXAMPLE 7 Janko's group J . In J there is one class each of1 1
 .elements of orders 2, 3, and 7, and j 2 A, 3 A, 7A s 7. Since no properJ1
subgroup can be generated by such a triple of elements, there are exactly
 .seven nonconjugate ways of generating J with a 2, 3, 7 -triple. We should1
perhaps choose one of these to be our ``standard'' generating set and find
a simple criterion for distinguishing it from the other six. In each case
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we have elements a of order 2 and b of order 3, and we can work out
the orders of various words in a and b in each of the seven cases, as in
Table II.
There is not much to choose between the seven cases, except perhaps
that the last one is easiest to recognise. The others come in pairs, related
  y1 .by inverting g . The pair a, b is called the reciprocal of the pair2
 . .a, b .
FINGERPRINTS. The question arises, what words in a and b are most
useful? To obtain new information with each new word, we should ensure
that no new word is conjugate to an old one, or to a power of it or its
inverse. By suitable conjugation we can arrange that each word begins with
a and ends with b. Therefore, it consists of a string of ``terms'' ab and ab2.
Inverting if necessary we may assume it has at least as many terms ab as
ab2, and by conjugation we can put the longest string of consecutive terms
ab at the beginning. Writing x s ab and y s ab2, we obtain the following
words, up to length 6 in x and y:
x , xy , xxy, xxxy, xxyy , xxxxy, xxxyy, xxyxy,
xxxxxy, xxxxyy, xxxyxy, xxxyyy, xxyxyy, xxyyxy.
Note that xyxy and xxyxxy are excluded since they are proper powers of
.shorter words.
2 y1  .Replacing b by b s b gives us a different set of 2, 3, n -generators
 .the reciprocal set which may or may not be conjugate to the first set. The
effect on the above words is to exchange x and y, or by taking a conjugate
.of the inverse to read the words backwards from a suitable point. Thus
the shortest words which distinguish a pair and its reciprocal are xxyxyy
and xxyyxy, which are interchanged by this operation.
In Table II we gave a small set of words capable of distinguishing all
seven cases. In fact the words xy and xxyxyy on their own are sufficient,
but of course we could not have known that in advance. In practice,
therefore, we take the whole set of 14 words as a ``fingerprint.''
TABLE II
Fingerprints in J1
Word Fp1 Fp2 Fp3 Fp4 Fp5 Fp6 Fp7
ab 7 7 7 7 7 7 7
2abab 10 10 11 11 15 15 19
2ababab 10 10 11 11 15 15 19
2 2ababab abab 15 15 10 10 6 6 15
2 2 2ababab abab ab 10 6 5 10 5 6 10
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Note. Parker's fingerprint, used in some implementations of the
``Meat-axe,'' consists of the orders of the words
x , xy , xxy, xxyx , xxyxy, xxxyxy, xxxyxyy.
 .EXAMPLE 8 Mathieu's group M . In the Mathieu group M we have24 24
 .  .j 2 B, 3 A, 23 A s j 2 B, 3 A, 23B s 1, and such triples generate M .24
Thus the group is rigid but not rationally rigid. The two triples look very
similar, but are not automorphic. In fact, they are reciprocals of one
another and can be distinguished by a suitable fingerprint. Using the
fingerprint
x , xy , xxy, xxyy , xxyxy, xxyxyy, xxyyxy, xxxyxyy, xxxyyxy
we obtain the lists of orders
23, 12, 12, 5, 10, 4, 5, 14, 21
and
23, 12, 12, 5, 10, 5, 4, 21, 14
in the two cases. We choose arbitrarily the first of these to be our
``standard generators'' for M .24
 .EXAMPLE 9 Conway's group Co . The triple given in Table I has the1
disadvantage that it may be difficult to distinguish an element of class
4F from other elements of order 4. For this reason, we prefer not to
use this triple to define standard generators. We find instead that
 .j 2 B, 3C, 40 A s 2, and we find computationally that there are exactlyC o1
two classes of such triples, and both generate the whole group. They can
be distinguished by the order of xy s abab2, which is 6 and 21 in the two
cases. We choose the former as our standard generators.
 .EXAMPLE 10 The Baby Monster . The triple given in Table I is
probably as good as any. However, due to an unfortunate oversight, we
 .actually found a triple of type 2C, 3 A, 55 A instead. In fact this has two
advantages: first, a 2C-element is easier to find than a 2 D-element; and,
second, the probability of finding a pair conjugate to the standard gen-
erators is more than doubled to about 1 in 405. In fact we have
 .j 2C, 3 A, 55 A s 3, and the three cases may be distinguished by theB
order of xxxyxyy, which is 23, 31, or 40. We took the first case and verified
computationally that our triple does indeed generate the whole group.
Note that in the first two cases xy has order 40, while in the last it has
.order 35. A 2C-element may be obtained, for example, as the 26th power
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of any element of order 52, and a 3 A-element as the appropriate power of
any element of order 21, 33, 39, 42, 48, or 66. There is only one class of
elements of order 55.
5. OTHER COMPLETE SPORADIC GROUPS
The groups not so far considered, which do not have outer automor-
phisms, are M , M , Ly, and J . The same basic considerations apply as11 23 4
 .in the previous section, but 2, 3, n -generators either do not exist or are
not convenient to use.
 .EXAMPLE 11 Mathieu's group M . In this group there is no set of11
 .  .2, 3, n -generators for any n, but 2, 4, 11 -generators are quite conve-
 .  .nient. The structure constants are j 2 A, 4 A, 11 A s j 2 A, 4 A, 11B s 1,
but the classes 11 A and 11B are difficult to distinguish, in general.
Instead, we can distinguish the two classes of triples by the order of
xxxyxyy, which is 4 and 8 in the two cases, corresponding to x g 11 A and
x g 11B, respectively. Note. Here we use the definition of the classes
w x .given in 2 .
 .EXAMPLE 12 Mathieu's group M . In this group again, there is no set23
 .  .of 2, 3, n -generators, but there are 2, 4, 23 -generators. Now the struc-
 .  .ture constants are j 2 A, 4 A, 23 A s j 2 A, 4 A, 23B s 2. The Parker fin-
 .gerprints of these four sets of generators are 23, 8, 15, 11, 15, 11, 8 ,
 .  .  .23, 8, 15, 11, 15, 11, 11 , 23, 14, 7, 11, 14, 14, 7 , and 23, 14, 7, 11, 14, 14, 15 .
We choose the first of these as our standard generators.
 .EXAMPLE 13 Janko's group J . In this case, the ``almost rigid'' triple4
 .of classes 2 A, 4C, 11 A given by Pahlings is unusable since the probability
of finding such a triple of generators at each attempt is about 1 in 92554,
which is unreasonably small. The maximum probability is obtained by
taking classes 2 A and 4 A, when the probability is about 1 in 736. There
are then many classes of triples that we could choose as standard genera-
tors. We chose to take a g 2 A and b g 4 A with ab of order 37, since in
this case it is obvious that a and b generate the whole group. From the
structure constants we find that there are 15 classes of such triples, and by
a random search we find representatives of all of them and calculate their
Parker fingerprints as in Table III. We chose the first of these as our
standard generators. If p and q are the original two generators for J4
 .3 .10produced by Norton and Parker, we can take r s pq qpq , and then
 2 y6 y14 14 6.r , q p rp q is a pair of standard generators in this sense.
 .EXAMPLE 14 The Lyons group Ly . Since the Lyons group cannot be
generated by a g 2 A and b g 3 A, the largest probability is obtained by
taking a g 2 A and b g 5 A. In this case we have for example that
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TABLE III
Fingerprints in J4
2 2 2 2 2 3 2 .  .Case x xy x y x yx x xy x xy x yxy
1 37 10 24 24 22 37 22
2 37 20 31 66 12 16 22
3 37 37 43 29 40 11 22
4 37 16 24 22 33 33 31
5 37 66 43 66 44 43 28
6 37 44 66 37 43 12 42
7 37 29 29 31 29 12 16
8 37 22 31 31 10 21 31
9 37 22 31 31 10 21 44
10 37 22 37 23 28 42 10
11 37 22 37 23 28 42 30
12 37 29 14 23 43 28 28
13 37 29 14 23 43 28 43
14 37 31 14 28 35 23 15
15 37 31 14 28 35 23 66
3 .  w x.j 2 A, 5 A, 14 A s see 3 . Thus there can be at most one class of such2
triples which generate the group. We find by computation elements
 .3a g 2 A, b g 5 A with ab g 14 A and ab b of order 67, from which it
 .follows that these generate the group, and are up to conjugacy unique
subject to these conditions.
For reference, we summarize our definitions of standard generators of
complete sporadic groups in Table IV.
TABLE IV
Standard Generators of Complete Sporadic Groups
 .Group Triple a, b, ab Further conditions Probability
2 2 2 .M 2, 4, 11 o abababab abab ab s 4 1 : 911
2 2 2 .M 2, 4, 23 o abababab abab ab s 8 1 : 11923
2 2 2 .M 2 B, 3 A, 23 o ababab abab ab s 4 1 : 3024
Co 3 A, 4 A, 14 } 1 : 613
Co 2 A, 5 A, 28 } 1 : 192
Co 2 B, 3C, 40 } 1 : 1641
Fi 2 B, 3D, 28 } 1 : 5923
Th 2, 3 A, 19 } 1 : 77
2 2 2 .B 2C, 3 A, 55 o abababab abab ab s 23 1 : 405
M 2 A, 3B, 29 } 1 : 68
2 .J 2, 3, 7 o abab s 19 1 : 491
2 .J 2 A, 4 A, 37 o abab s 10 1 : 7364
Ru 2 B, 4 A, 13 } 1 : 163
2 .Ly 2, 5 A, 14 o ababab s 67 1 : 576
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TABLE V
Standard Generators for the Remaining Sporadic Simple Groups
 .Group Triple a, b, ab Further conditions
M 2 B, 3B, 11 }12
2 2 .   . .M 2 A, 4 A, 11 o abab s 11 m o ab s 522
HS 2 A, 5 A, 11 }
2 2 2 2 .  . .McL 2 A, 5 A, 11 o ab abab ab s 7
w x.J 2 B, 3B, 7 o a, b s 122
w x.Suz 2 B, 3B, 13 o a, b s 15
2 2 2 2 .  . .Fi 2 A, 13, 11 o ab abab ab s 1222
X 3 . .Fi 2 A, 3E, 29 o ab b s 3324
He 2 A, 7C, 17 }
w x.HN 2 A, 3B, 22 o a, b s 5
w x.J 2 A, 3 A, 19 o a, b s 93
O9N 2 A, 4 A, 11 }
6. AUTOMORPHISM GROUPS
The remaining 12 sporadic simple groups have outer automorphism
groups of order 2. This complicates the issue somewhat, especially if we
want to define standard generators for both the group and its automor-
phism group. We should perhaps find words which give standard genera-
tors for the simple group in terms of those of the automorphism group.
Conversely, we can give methods for constructing the automorphism group
from standard generators for the simple group. The case J is considered3
w x w xin some detail in 6 , while J and M are dealt with by Walsh in 7 .2 22
TABLE VI
Standard Generators for Automorphism Groups of Sporadic Groups
 .Group Triple a, b, ab Further conditions
 w x. .M :2 2C, 3 A, 12 ab g 12 A m o a, b s 1112
M :2 2 B, 4C, 11 }22
HS:2 2C, 5C, 30 }
2 2 2 2 .  . .McL:2 2 B, 3B, 22 o ab abab ab s 24
J :2 2C, 5 AB, 14 }2
Suz:2 2C, 3B, 28 }
Fi :2 2 A, 18 E, 42 }22
XFi :2 2C, 8 D, 29 }24
He:2 2 B, 6C, 30 }
HN:2 2C, 5 A, 42 }
w x.J :2 2 B, 3 A, 24 o a, b s 93
O9N:2 2 B, 4 A, 22 }
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Since the criteria for choosing standard generators are very much the
same as before, we content ourselves here with giving a list of the choices
 .we made see Tables V and VI .
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